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BIJECTIVENESS OF THE NASH MAP FOR QUASI-ORDINARY
HYPERSURFACE SINGULARITIES
P.D. GONZÁLEZ PÉREZ
Abstrat. In this paper we give a positive answer to a question of Nash, onerning the ar spae
of a singularity, for the lass of quasi-ordinary hypersurfae singularities extending to this ase
previous results and tehniques of Shihoko Ishii.
Introdution
In a 1968 preprint, published later as [N℄, Nash introdued a map, nowadays alled the Nash
map (resp. loal Nash map), from the set of families of ars with origin at the singular lous
of a variety X (resp. at a xed singular point x ∈ X), to the set of essential divisors over the
singular lous of X (resp. over the point x). These families of ars are alled Nash omponents
(resp. loal Nash omponents). Obviously, these maps oinide if the singular lous of X is redued
to an isolated singular point x. Nash showed that these maps are injetive and asked if they were
surjetive. Ishii and Kollár have shown an ane four dimensional variety with singular lous redued
to a point, for whih the Nash map is not bijetive (see [I-K℄). The answer of Nash question for
surfae and threefolds singularities is not known in general. Plenat has given suient onditions
for the surjetivity of the Nash map for isolated surfae singularities in [Pl1℄. In the ase of surfae
singularities the Nash map it is known to be bijetive in the following ases: for minimal singularities
by Reguera [Re1℄, for sandwihed singularities by the work of Lejeune and Reguera [LJ-R℄ and [Re2℄,
for rational double points of type An, already studied by Nash [N℄, and of type Dn by Plenat [Pl2℄
(the result for rational double points in general is announed in [Pl3℄). Plenat and Popesu-Pampu
have shown a lass varieties of dimension two and higher for whih the Nash map is bijetive in
[Pl-PP1℄ and [Pl-PP2℄; a similar result in the surfae ase is announed by Morales [Mo℄.
Ishii and Kollár have shown that Nash question has a positive answer in the ase of normal tori
varieties, see [I-K℄. Ishii has generalized this result for the lass pretori algebrai varieties, whih
ontains in partiular the lass of tori varieties (non neessarily normal). Petrov formulated Nash
question for pairs (X,B), onsisting of a variety X and a proper losed subvariety B ontaining
the singular lous of X, and exhibited a positive answer in the ase of pairs, (X,B), formed by a
normal tori variety X and an invariant set B. He applied this result to prove the bijetiveness of
the Nash map for the lass of stable tori varieties, a lass of redued but non neessarily irreduible
varieties introdued by Alexeev [Al℄, whih generalize normal tori varieties (see [Pe℄). Ishii has
shown reently that the loal Nash map is bijetive for analytially pretori singularities, a lass of
singularities ontaining tori and analytially irreduible quasi-ordinary hypersurfae singularities
(see [I3℄). The lass of quasi-ordinary singularities appears lassially in Jung's strategy to obtain
resolution of surfae singularities from the embedded resolution of plane urves (see [J℄, [A℄ and
[L1℄).
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The purpose of this Note is to show that the Nash map is bijetive for any redued germ of quasi-
ordinary hypersuperfae singularity, Theorem 4. We show that the results and approah for the
lass of pretori singularities, analyzed by Ishii in [I2℄, an be extended to the ase of an analytially
irreduible quasi-ordinary hypersurfae germ (X,x) by showing a property, Proposition 1, dedued
from Lipman's result on the struture of the singular lous (see [L2℄, 7). Moreover, if B is a proper
losed subgerm of (X,x) ontaining the singular lous of X, we prove that Nash question for the pair
(X,B) has a positive answer under a natural tehnial ondition (see Hypothesis 1 and Theorem 2).
In the ase of a quasi-ordinary hypersurfae germ (X,x) with several irreduible omponents Xi,
i = 1, . . . , t, the analysis of the pre-image of the singular lous of X by the normalization map (see
Lemma 5) is essential to dedue the main result Theorem 4, the bijetiveness of the Nash map for
X, from the bijetiveness of the Nash map for suitable pairs (Xi, Bi) for i = 1, . . . , t.
Finally, we ompare the notions of pretori singularity and analytially pretori singularity, in-
trodued by Ishii in [I2℄ and [I3℄ respetively, with the notion of tori quasi-ordinary singularity
introdued [GP2℄ and we show that our main result holds in a slightly larger ategory, whih we all
strongly analytially pretori (see Corollary 5).
The expliit desription of the essential divisors over the singular lous of a quasi-ordinary hyper-
surfae singularity, given in this paper, is applied by Hernando and the author in [GP-H℄ to prove
that the essential divisors of an irreduible germ (X,x) of quasi-ordinary hypersurfae determine,
through a suitable notion of Poinaré series, the harateristi monomials, an analytial invariant
whih in the analyti ase enodes the embedded topologial type of the germ haraterized by the
work of Gau and Lipman (see [L2℄ and [Gau℄). It should be notied that the Poinaré series assoi-
ated only to the essential divisors over the point x, whih orrespond by Ishii's result [I3℄ to the loal
Nash omponents, does not ontain enough information to reover the harateristi monomials of
the quasi-ordinary hypersurfae (X,x) in general, see [GP-H℄. This property reets the fat that
quasi-ordinary singularities are rarely isolated: X does have an isolated singularity at x if and only
if the singular germ (X,x) is of dimension one or normal of dimension two. The use of all essential
divisors, over the dierent omponents of the singular lous of X, and also over x, is ruial to
reover the harateristi monomials of the germ (X,x), as main loal invariants.
1. Basi definitions on the ar spae and relative Nash problem
In this setion we give basi denitions and results on the relative Nash problem, also alled Nash
problem for a pair. These notions are natural extensions of the orresponding ones on the lassial
Nash problem (see [Pe℄). In this paper the sheme X is a pure dimensional redued algebrai (resp.
algebroid germ of) variety, dened over a eld k, algebraially losed of harateristi zero. Let
B ⊂ X be a redued proper k-subsheme ontaining the singular lous Sing(X) of X.
A resolution of singularities of (X,B) is a proper modiation φ : Y → X suh that φ|Y−φ−1(B) :
Y − φ−1(B) → X −B is an isomorphism. The resolution φ is divisorial is φ−1(B) is a divisor. An
exeptional divisor E over X relative to B is an exeptional divisor suh that the enter of E over X
is ontained in B. An exeptional divisor E over X relative to B is essential if for every resolution
φ : Y → X of the pair (X,B) the enter of E on Y is an irreduible omponent of φ−1(B). This
enter is alled an essential omponent on Y .
If k ⊂ K is a eld extension an ar over X is a morphism α : SpeK[[t]] → X. We denote
respetively by 0 and η the losed point and generi point of SpeK[[t]]. If m ≥ 0 is an integer, an
m-jet over X is a morphism α : SpeK[[t]]/(tm+1) → X. The set Xm of m-jets an be given the
struture of sheme of nite type over k. We have anonial morphisms Xm+k → Xm, orresponding
to SpeK[[t]]/(tm+1) → SpeK[[t]]/(tm+k+1), for all m,k ≥ 0. The ar spae X∞ := lim←−Xm
has the struture of sheme over k, not of nite type. A point z ∈ X∞ orresponds to an ar
αz : SpeK[[t]] → X suh that K is the residue eld at z. We have that K-valued points of X∞
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orrespond to ars of the form SpeK[[t]] → X bijetively. We often denote the point z and the
orresponding ar αz by the same symbol. We have a anonial projetion π
X : X∞ −→ X, dened
by z 7→ αz(0). A morphism of varieties (resp. of algebroid germs) ψ : Y → X, orresponds to a
morphism at the level of ars: ψ∞ : Y∞ → X∞. See [D-L℄ for the general onstrution of ars spaes.
A Nash omponent of X relative to B is an irreduible omponent of π−1X (B) whih is not ontained
in B∞ ⊂ X∞. If the eld k is of harateristi zero, as it is assumed in this paper, then the proof of
Lemma 2.12 [I-K℄ imply that the Nash omponents of X relative to B oinide with the irreduible
omponents of π−1X (B). Denote by
⋃
iCi the union of Nash omponents of X relative to B. Let
φ : Y → X be a divisorial resolution of (X,B), i..e, φ−1(B) is a divisor with irreduible omponents
E1, . . . , El. Then the restrition φ∞ to
⋃l
j=1 π
−1
Y (Ej) −→
⋃
i Ci. is dominant and bijetive outside
B∞. For all i there exists a unique ji suh that π
−1
Y (Ej)→ Ci is dominant. The analogous statement
of Nash Theorem in this relative situation is that Eji is an essential divisor of X relative to B and
that the relative Nash map Ci 7→ Eji is an injetion, from the Nash omponents and to the set
of essential divisors of X relative to B (see Lemma 2.14 [I3℄ for an analogous proof in this relative
situation or Theorem 2.17 [Pe℄ for a sketh of proof in the algebrai ase). See also [I-K℄ for a modern
proof of the lassial statement of Nash [N℄, when B = Sing(X)). The Nash problem for X relative
to B, i.e., the Nash problem for the pair (X,B), is to determine if this orrespondene is bijetive.
2. Basi notations on normal tori varieties
We give some basi denitions and notations (see [O℄ or [Fu℄ for proofs). If N is a lattie we
denote by M the dual lattie, by NR the real vetor spae spanned by N and by 〈, 〉 the anonial
pairing between the dual latties N and M (resp. vetor spaes NR and MR). A rational onvex
polyhedral one τ in NR, a one in what follows, is the set τ := pos{a1, . . . , as} of non negative
linear ombinations of vetors a1, . . . , as ∈ N . The one τ is stritly onvex if τ ontains no linear
subspae of dimension > 0. We denote by
◦
τ
the relative interior of a one σ. The dual one τ∨
(resp. orthogonal one τ⊥) of τ is the set {w ∈MR/〈w, u〉 ≥ 0} (resp. 〈w, u〉 = 0) ∀u ∈ τ}). A fan
Σ is a family of stritly onvex ones in NR suh that any fae of suh a one is in the family and the
intersetion of any two of them is a fae of eah. If τ is a one in the fan Σ, the semigroup τ∨∩M is
of nite type, it spans the lattie M and the variety Zτ,N = Spe k[τ
∨ ∩M ], whih we denote by Zτ
when the lattie is lear from the ontext, is normal. The ane varieties Zτ orresponding to ones
in a fan Σ glue up to dene the tori variety ZΣ. The torus TN := Z{0} ∼= (k
∗)rkN is embedded
in ZΣ as an open dense subset and there is an ation of TN on ZΣ whih extends the ation of the
torus on itself by multipliation. We have a bijetion between the relative interiors of the ones of
the fan and the orbits of the torus ation,
◦
τ 7→ orbZΣ(τ), whih inverses inlusions of the losures.
We denote the orbit orbZΣ(τ) by orb(τ) when the tori variety ZΣ is lear from the ontext.
In this paper σ denotes a rational stritly onvex one in NR of maximal dimension. Any non
zero vetor v ∈ σ ∩ N denes a valuation valv of the eld of frations of k[σ
∨ ∩M ] (resp. of the
m-adi ompletion k[[σ∨∩M ]] of the loalization of k[σ∨∩M ] at the maximal ideal, (σ∨∩M)\{0},
dening the origin oσ of the tori variety Zσ). This valuation, alled monomial or tori valuation,
is dened for an element 0 6= φ =
∑
cuX
u ∈ k[[σ∨ ∩M ]], by valv(φ) = mincu 6=0〈n, u〉. If the ray
ρ := vR≥0 belongs a fan Σ subdividing σ, the losure Dρ of the orbit orb(ρ) is an invariant divisor
(we denote it also by Dv if the vetor v is primitive for the lattie N). We denote by valDρ the
assoiated divisorial valuation. If v = qv0 for q ∈ Z≥1 and v0 a primitive vetor for the lattie N
then we have that valv = qvalDρ . Following Ishii we say that the valuation valv is a tori divisorial
valuation (see [I2℄). The one σ indues a partial order on NR, dened by u ≤σ u
′
i u′ ∈ u + σ
(similar denition for ≤σ∨ on MR holds).
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3. Quasi-ordinary hypersurfaes: singular lous and normalization
A quasi-ordinary hypersurfae singularity X is dened by Spe k[[x]][y]/(f) where x = (x1, . . . , xd)
and f ∈ k[[x]][y] is a quasi-ordinary polynomial, i.e., a Weierstrass polynomial suh that the dis-
riminant ∆yf with respet to y is of the form x
δǫ where δ ∈ Zd≥0 and ǫ ∈ k[[x]] is a unit. By
the Jung-Abhyankar Theorem the roots of quasi-ordinary polynomials are frational power series
with partiular properties. Namely, if f is irreduible of degree n a root of f is of the form:
ζ =
∑
cλx
λ ∈ k[[x1/n]], where x1/n = (x
1/n
1 , . . . , x
1/n
d ), and the terms appearing in this expansion
verify ertain properties. In partiular if f is of degree > 1 in y, ertain monomials, determined by
omparing the dierent roots of f and alled harateristi or distinguished, appear in the expansion
of ζ with non zero oeient. The orresponding exponents, whih are also alled harateristi,
an be relabelled in the form λ1 ≤σ∨ λ2 ≤σ∨ · · · ≤σ∨ λg . These exponents determine the following
nested sequene of latties: M0 ⊂ M1 ⊂ · · · ⊂ Mg =: M where M0 := Z
d
and Mj := Mj−1 + Zλj
for j = 1, . . . , g with the onvention λg+1 = +∞. We have that the exponents appearing in the
expansion of ζ belong to M . See [L2℄ and also [GP2℄. We have ring extensions:
(1) k[[σ∨ ∩M0]] = k[[x]] −→ OX ∼= k[[x]][ζ] −→ k[[σ
∨ ∩M ]]
where σ∨ denotes the positive quadrant Rd≥0 and M0 = Z
d
(we denote by σ, N0 and N the orre-
sponding dual objets of σ∨, M0 and M respetively). In [GP2℄ it is proved that the ring extension
OX → k[[σ
∨∩M ]] is the inlusion of OX in its integral losure in its eld of frations. Geometrially,
(1) orresponds to a sequene of nite maps:
(2) (Xσ,N , oσ) = (X¯, x)
ν
−→ (X,x)
ρ
−→ (Z, x) = (Xσ,N0 , oσ) = (k
d, 0).
Sine the map ρ ◦ ν is equivariant, it maps the orbit orbX¯τ to orbZτ , for eah fae τ < σ.
We reall Lipman's desription of the singular lous of a quasi-ordinary hypersurfae, see Theo-
rem7.3 [L2℄, for a preise statement (f. also the reformulation of this result given in [PP℄).
Theorem 1. With the previous notations if (X,x) is analytially irreduible we have that the irre-
duible omponents of Sing(X) are of odimension one or two. The odimension one (resp. two)
omponents are intersetions of X with xi = 0, (resp. with xi = 0 and xj = 0) for some suitable
oordinate setions, in eah ase, determined by the harateristi monomials. 
Proposition 1. The set ν−1(Sing(X)) is a germ of losed set at the origin of X¯, whih is invariant
by the torus ation on X¯.
Proof. By Lipman's theorem, the irreduible omponents of Sing(X) are the germs ρ−1(orbZ(τ))
at the point x, where τ runs ertain set of a one (resp. two ) dimensional faes of σ. It follows from
this and the previous disussion that the irreduible omponents of ν−1(Sing(X)) are of odimension
one or two. The odimension one (resp. two) omponents are of the form
(ρ ◦ ν)−1(orbZ(τ)) = orbX¯(τ).
If xi = X
ui
for i = 1, . . . , d, in (1) then xi = 0 (resp. xi = xj = 0) denes in Z the losure of the orbit
orbZ(τ) where the one τ is haraterized by τ
⊥∩σ∨ = posk 6=i(uk) (resp. by τ
⊥∩σ∨ = posk 6=i,j(uk)).

4. Relative Nash problem, the irreduible ase
We follow Ishii's approah in [I2℄ and [I3℄. Let (X,x) be an irreduible germ of quasi-ordinary
hypersurfae. We study the relative Nash problem for a proper losed set B ⊂ X suh that Sing(X) ⊂
B. We introdue the following hypothesis on B.
Hypothesis 1. Any irreduible omponent of ν−1(B) is an orbit losure orbX¯(τ) orresponding to
some fae τ of σ.
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Notie that Sing(X) veries this hypothesis by Proposition 1. When the hypothesis above is veried
any irreduible omponent in the losure of the set ν−1(B)−Sing(X¯) is an orbit losure orresponding
to some regular fae τ < σ (with respet to the lattie N). We denote by τ1, . . . , τr the regular faes
determined in this way and by ei ∈ N , the baryenter of τi (i.e., the sum of the primitive integral
vetors, for the lattie N , in the edges of τi), for i = 1, . . . , r.
Let {vj}
s
j=1 the set of minimal elements, with respet of the partial order ≤σ in the set:
S :=
⋃
τ<σ, τ singular
◦
τ ∩N.
By [I-K℄ the tori divisors {Dvj}j=1,...,s are the essential divisors of tori variety X¯ , and also the
essential divisors of the germ of X¯ at the losed orbit, by Lemma 4.9 [I3℄. This haraterization of
essential divisors generalizes a result of Bouvier [Bo℄, see also [Bo-GS℄.
Lemma 2. Eah ei, for i = 1, . . . , r is minimal among {ei, vj}
j=1,...,s
i=1,...,r for the order ≤σ.
Proof. See Lemma 5.7 [I2℄. 
Lemma 3. Let {ei, vj}
j=1,...,w
i=1,...,r , (w ≤ s) be the set of minimal elements of {ei, vj}
j=1,...,s
i=1,...,r . Then there
is an inlusion
{essential divisors over X relative to B} ⊂ {Dei ,Dvj}
j=1,...,w
i=1,...,r .
Proof. The statement an be translated in purely ombinatorial terms in terms of the existene
of resolutions of singularities of X, whih are obtained by omposing the normalization map with
tori modiations. The preise arguments are the ontent of the proof of Lemma 5.7 [I2℄. 
Following Ishii, [I2℄, we assoiate to a non zero vetor v ∈ σ∩N a subset TX∞(v) of X∞ , ontaining
only ars whih lift to ars with generi point in the torus TN of X¯ :
TX∞(v) := {α ∈ X∞ | α(η) ∈ ν(TN ), ordtα
∗(xu) = 〈v, u〉, for u ∈M}.
The sets T X¯∞(v), dened similarly, are orbits of a natural ation of (TN )∞ on the ar spae of the
normal tori variety X¯ (see [I1℄).
Lemma 4. Let {ei, vj}
j=1,...,w
i=1,...,r , (w ≤ s) be the set of minimal elements of {ei, vj}
j=1,...,s
i=1,...,r . Then, the
following losures are distint Nash omponents of X∞:
TX∞(ei), i = 1, . . . , r and T
X
∞(vj), j = 1, . . . , w.
If v ∈ {ei, vj}
j=1,...,s
i=1,...,r the image of the omponent T
X
∞(v) by the Nash map is the divisor Dv.
Proof. The proof is analogous to the proofs of Lemma 4.6 and 4.7 in [I3℄. Notie that with our
hypothesis the proof holds not only for vetors v ∈
◦
σ ∩N but also for vetors v ∈ σ ∩ N . See also
the proof of Lemma 5.10 and Theorem 5.11 [I2℄. 
Theorem 2. Let (X,x) be a irreduible germ of quasi-ordinary hypersurfae singularity. Let B a
losed subsheme verifying Hypothesis 1. Then the Nash map between the set of Nash omponents
of π−1X (B) and the set of essential divisors of X relative to B is bijetive.
Proof. Let u ∈ {ei, vj}
j=1,...,w
i=1,...,r . Then the sequene
u 7→ TX∞(u) 7→ Du
denes an injetion from the set {ei, vj}
j=1,...,w
i=1,...,r to the set of essential divisors over X, by Lemma 4
and by the injetivity of the Nash map. By Lemma 3 the set of essential divisors is of ardinality less
or equal than r + w, hene it follows that this set is of ardinality equal to r + w and the injetion
above is a bijetion. This implies that the Nash map is bijetive. 
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Corollary 3. If (X,x) is an analytially irreduible quasi-ordinary hypersurfae the Nash map is
bijetive.
Proof. By Proposition 1 the singular lous B = Sing(X) veries the hypothesis 1 of Theorem 2.
5. Nash problem for a quasi-ordinary hypersurfae
Now we suppose that (X,x) is a germ of redued quasi-ordinary hypersurfae. We denote by f
a quasi-ordinary polynomial dening (X,x). The fators fi of the fatorization of f = f1 . . . ft as
produt of irreduible terms orresponds to the irreduible omponents of (X,x). The fators fi are
quasi-ordinary polynomials, for i = 1, . . . , t.
We denote by Bi the intersetion:
Bi = Xi ∩ Sing(X) = Sing(Xi) ∪
j 6=i⋃
j=1,...,t
Xi ∩Xj .
We denote by νi : X¯i → X the normalization of Xi, whih is a tori singularity by the previous
disussion.
Lemma 5. We have that ν−1i (Bi) is a germ of invariantly losed set, at the lose orbit of the tori
singularity X¯i.
Proof. We have already shown the statement for ν−1i (Sing(Xi)) by Proposition 1. If j 6= i then
ν−1(Xi ∩ Xj) is dened by fj(ζ
(i)) = 0 where ζ(i) is a xed root of fi, used to dene the ring
extension (2) orresponding to Xi. We have that the element fj(ζ
(i)) is equal to the produt of
a monomial by a unit in the loal algebra of the tori singularity X¯i (this follows easily from the
denition, see [GP2℄ for more details). This implies that fj(ζ
(i)) = 0 denes a germ of invariantly
losed set, at the lose orbit of the tori singularity X¯i, whih is equal to ν
−1
i (Xi ∩Xj). 
We obtain then a generalization of Corollary 4.12 in [I3℄:
Theorem 4. Let (X,x) be a redued germ of quasi-ordinary hypersurfae singularity. Then the Nash
map between the Nash omponents of π−1X (Sing(X)) and the essential divisors of X is bijetive.
Proof. We keep the notations given above for the irreduible omponents of X. Notie that
π−1X (Sing(X)) =
⊔t
i=1 π
−1
Xi
(Bi) by denition of Bi. It follows from this that:
{Nash omponents of X} ⊂
t⊔
i=1
{Nash omponents of Xi relative to Bi}.
(See the proof of Lemma 4.11 [I3℄). We prove that:
{essential divisors over X} ⊂
t⊔
i=1
{essential divisors over Xi relative to Bi}.
Let φi : Yi → Xi be a resolution of (Xi, Bi). Then the omposite φ : Y → X dened by:
Y :=
t⊔
i=1
Yi
F
φi
→
t⊔
i=1
Xi → X
is a resolution of the pair (X,Sing(X)) by the denition of Bi. Let E be an essential divisor of X.
The enter of E in Y is an irreduible omponent of
φ−1(Sing(X)) =
t⊔
i=1
φ−1i (Bi),
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thus an irreduible omponent of φ−1i (Bi) for some i. This implies the assertion.
The hypothesis 1 is veried by Bi with respet to Xi for i = 1, . . . , t by Lemma 5. By Theorem 2
applied to the pair (Bi,Xi) the Nash map between the set of Nash omponents of π
−1
Xi
(Bi) and the
set of essential divisors of Xi relative to Bi is bijetive. 
6. An extension of the results to a larger ategory
In Denition 4.1 [I3℄ the notion of analytially pretori singularity is introdued in the algebroid
ategory. A germ (X,x) is alled in [I3℄ analytially pretori if there exists a sequene of injetive
loal homomorphisms:
k[[σ∨ ∩M0]]
ρ∗
→ OX,x
ν∗
→ k[[σ∨ ∩M ]]
suh that
i. ν∗ ◦ ρ∗ : k[[σ∨ ∩M0]]→ k[[σ
∨ ∩M ]] is the anonial injetion orresponding to a nite index
lattie inlusion M0 ⊂M ,
ii. the morphism ν : Spek[[σ∨ ∩M ]]→ X orresponding to ν∗ is the normalization map,
iii. the restrition of ν to the torus Spek[[σ∨ ∩M ]][M ] is an isomorphism onto its image.
Notie that Ishii introdued the notion of pretori variety in the algebrai ategory in [I2℄ Denition
5.1. The rst two onditions for a variety X to be pretori are the formulations of axioms i. and ii.
above in the algebrai ategory, while the third ondition above is to be replaed by
iii'. The losed subset ν−1(Sing(X)) is invariant for the torus ation of X¯.
We say that a germ of algebroid singularity is strongly analytially pretori if it veries onditions i.,
ii., and iii'. Notie that in the algebroid ase ondition iii'. implies ondition iii in Ishii's denition
of analytially pretori singularity.
Corollary 5. If (X,x) is a germ of strongly analytially pretori singularity then the assoiated
Nash map is bijetive.
Proof. The analysis and results done in the setions 4 and 5 extends formally for any algebroid
singularity (X,x) verifying onditions i., ii., and iii'. 
We end this setion by formulating some natural questions whih ome out from the omparison of
the notions of (strongly) analytially pretori with that of tori quasi-ordinary singularity, introdued
in [GP2℄ as a suitable generalization of the notion of quasi-ordinary singularity (in [GP1℄ the this
lass of singularities was restrited to the ase of relative hypersurfae germ in Zσ × C). A germ
of omplex analyti variety (X,x) of pure dimension d is a tori quasi-ordinary singularity if there
exists:
a. An ane normal tori variety Xσ,N0 = Spe k[σ
∨ ∩M0], dened by a d dimensional rational
stritly onvex one σ for the lattie N0 (dual of σ
∨
and M0 respetively).
b. A nite morphism of germs (X,x)
ρ
→ (Xσ,N0 , oσ), where oσ is the losed orbit, whih is
unramied over the torus of Xσ,N0 .
Condition b. means that for eah representative of the morphism ρ there exists an open neighborhood
of oσ suh that ρ is unramied over its intersetion with the torus. If the one σ is simpliial then
(X,x) is a quasi-ordinary singularity: we redue to this ase by replaing the lattie M0 by a
sublattie M ′0 of nite index suh that σ
∨
is regular for M ′0 and hene Zσ,N ′0 = C
d
, for N ′0 the dual
lattie of M ′0. Then the normalization (X¯, x) is a germ of tori variety Xσ,N = Spe C[σ
∨ ∩M ] for
some lattie M ⊇M0, at is losed orbit, and the omposite ρ ◦ ν is a germ of tori equivariant map
dened by the hange of latties (see Theorem 5.1 in [PP℄, or see [GP2℄ in the hypersurfae ase).
The denition of analytially pretori singularity an be easily adapted to the omplex analyti
ategory. It is immediate that if (X,x) is a germ of analytially pretori singularity then it is tori
quasi-ordinary singularity, sine the map ρ is then unramied over the torus by axiom i and iii. It
8 P.D. GONZÁLEZ PÉREZ
follows from the disussion above that if the one σ is simpliial the notions of tori quasi-ordinary
singularity and that of analytially pretori singularity oinide (at least in the omplex analyti
ategory). It seems quite reasonable that both notions oinide also in the algebroid ategory and
without any assumption on simpliiality on the one σ appearing in both Denitions. Is to be
onjetured that for a equidimensional germ of algebroid singularity onditions i., ii., iii. and i., ii.,
iii'. are equivalent.
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